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Abstract
In this paper we study the geometrical structures of multi-qubit states
based on symplectic toric manifolds. After a short review of symplectic
toric manifolds, we discuss the space of a single quantum state in terms of
these manifolds. We also investigate entangled multipartite states based
on moment map and Delzant’s construction of toric manifolds and alge-
braic toric varieties.
1 Introduction
During recent years the geometrical, topological, and combinatorial structures
of multipartite quantum systems have been parts of research in the fields of
foundations of quantum theory, quantum information, and quantum computing
[1, 2, 3, 4]. These mathematical methods are also very important in solving com-
plex problems and visualizing the difficult physical concepts in other branches
of physics such as general relativity, gauge theory, and string theory [5].
Recently we have investigated the combinatorial and geometrical structures
of quantum systems using complex projective toric varieties [6, 7]. In this paper
we will establish a relation between multipartite quantum states and symplec-
tic toric manifolds. These manifolds of dimension 2n are compact connected
symplectic manifolds which have effective hamiltonian actions of n-torus with
corresponding moment maps. In particular, in section 2 we give a short introduc-
tion to complex projective varieties. In section 3 we will review the construction
of symplectic toric manifolds. The construction is abstract but we simplify our
review in such way that this text becomes suitable for the readers with fair
amount of knowledged in symplectic and differential geometry. In section 4 we
will study the structure of a single quantum system based on symplectic toric
manifolds. Finally, in section 5 we will in detail investigate the structures of
composite quantum systems based on Delzant’s construction of toric manifolds
and algebraic toric varieties. For readers who are interested in symplectic ge-
ometry and topology, we recommend the following books [8, 9, 10, 11, 12, 13].
The aim of the material presented in this paper is twofold. Firstly it can be
serves as a short introduction to the symplectic toric manifolds for physicist and
secondly it includes new possible applications of these mathematical methods
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in the field of quantum information processing. Through this paper we will use
the following notation
|Ψ〉 =
1∑
xm=0
1∑
xm−1=0
· · ·
1∑
x1=0
αxmxm−1···x1 |xmxm−1 · · ·x1〉, (1)
with |xmxm−1 · · ·x1〉 = |xm〉⊗|xm−1〉⊗· · ·⊗|x1〉 ∈ HQ = HQ1⊗HQ2⊗· · ·⊗HQm
for a pure multi-qubit state, where HQ is the Hilbert space of a composite
quantum system and HQj , for all j = 1, 2, . . . ,m are the Hilbert spaces of
quantum subsystems.
2 Complex projective variety
In this short section we will give an introduction to the complex affine and
projective varieties [14, 15, 16]. An affine n-space over a complex algebraic field
C denoted Cn is the set of all n-tuples of elements of C. An element P ∈ Cn is
called a point of Cn and if P = (a1, a2, . . . , an) with aj ∈ C, then aj is called the
coordinates of P . A Zariski closed set in Cn is a set of common zeros of a finite
number of polynomials from the polynomial algebra C[z] = C[z1, z2, . . . , zn] in
n variables with complex coefficients and the complement of a Zariski closed set
is called a Zariski open set. Given a set of q polynomials {g1, g2, . . . , gq} with
gi ∈ C[z], we define a complex affine variety as
V(g1, g2, . . . , gq) = {P ∈ C
n : gi(P ) = 0, for all 1 ≤ i ≤ q}. (2)
Let V be complex affine algebraic variety. Then an ideal of C[z1, z2, . . . , zn] is
defined by
I(V) = {g ∈ C[z1, z2, . . . , zn] : g(z) = 0, for all z ∈ V}. (3)
We can also define a coordinate ring of an affine variety V by
C[V ] = C[z1, z2, . . . , zn]/I(V). (4)
A complex projective space Pn is defined to be the set of lines through the origin
in Cn+1, that is,
P
n =
Cn+1 − {0}
(x1, . . . , xn+1) ∼ (y1, . . . , yn+1)
, λ ∈ C− 0, yi = λxi (5)
for all 0 ≤ i ≤ n+1. For example P1 = C∪{∞}, P2 = C2 ∪P1 = C2 ∪C∪{∞}
and in general we have Pn = Cn∪Pn−1. Given a set of homogeneous polynomials
{h1, h2, . . . , hq} with hi ∈ C[z], we define a complex projective variety as
V(h1, . . . , hq) = {O ∈ P
n : hi(O) = 0 ∀ 1 ≤ i ≤ q}, (6)
where O = [a1, a2, . . . , an+1] denotes the equivalent class of point {a1, a2, . . . ,
an+1} ∈ Cn+1. The ideal and coordinate ring of complex projective variety can
be defined in similar way as in the case of complex algebraic affine variety by
considering the complex projective space and it’s homogeneous coordinate. The
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Zariski topology on Cn is defined to be the topology whose closed sets are the
set
V(I) = {z ∈ Cn : g(z) = 0, for all g ∈ I}, (7)
where I ⊂ C[z1, z2, . . . , zn] is an ideal. Let A be a finitely generated C-algebra
without zero divisors. Then an I in A is called prime ideal if for f, g ∈ A and
f, g ∈ I implies that f ∈ I or g ∈ I. An ideal I ⊂ A is called maximal if I 6= A
and the only proper ideal in A containing I is I. The spectrum of the algebra
A is the set
SpecA = {prime ideal in A} (8)
equipped with the Zariski topology and the maximal spectrum of
SpecmA = {maximal ideal in A} (9)
equipped with the Zariski topology. Now, let X be an affine variety in Cn
defined by polynomials g1, g2, . . . , gq from the polynomial ring C[z1, z2, . . . , zn]
and I = 〈g1, g2, . . . , gq〉. Then we have X ≃ SpecmC[X ]. If A is finitely
generated C-algebra without zero divisors, then we called XA ≃ SpecmC[X ] an
abstract affine variety. Note that in this construction maximal ideals are points
in XA and prime ideals are irreducible subvarieties.
Next, we will review the construction of the Segre variety [4] for general
multi-projective complex space. Let (αi1, α
i
2) be points defined on the complex
projective space P2i−1. Then the Segre map
S : P1 × P1 × · · · × P1︸ ︷︷ ︸
m times
−→ P2
m−1
(10)
is defined by ((α10, α
1
1), . . . , (α
m
0 , α
m
1 )) 7−→ (α
1
i1
α2i2 · · ·α
m
im
), where 0 ≤ im ≤ 1.
The image of the Segre embedding Im(S), which again is an intersection of
families of hypersurfaces in P2
m−1, is called Segre variety and it is given by
Im(S) =
⋂
∀j
V(αxmxm−1...x1αymym−1...y1 (11)
−αxmxm−1...xj+1yjxj−1...x1αymym−1...yj+1xjyj−1...y1),
where αimim−1...i1 with i = x, y are homogeneous coordinate on P
2m−1. We will
also discuss the multi-projective Segre variety in the following sections.
3 Symplectic toric manifolds
In this section we will give a short introduction to the symplectic manifolds but
for a detail construction of these manifolds we recommend the following books
[11, 12, 13]. Let V be a finite-dimensional vector space and Ω ∈ V × V −→ R
be a bilinear form on V . Then Ω is called nondegenerate if Ω(e1, e2) = 0 for all
e2 ∈ V implies that e1 = 0. A symplectic form on a vector space V is a nonde-
genrate two-form Ω ∈ Ω2(V). Moreover, the pair (V ,Ω) is called a symplectic
vector space. If we suppose that (V ,Ω) and (V
′
,Ω
′
) are two symplectic vector
spaces, then, a symplectomorphism φ between these vector spaces is a linear iso-
morphism φ : V −→ V
′
such that Ω = φ∗Ω
′
, where φ∗Ω
′
(u, v) = Ω
′
(φ(u), φ(v)).
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In case symplectomorphism φ exists, then (V ,Ω) and (V
′
,Ω
′
) are called sym-
plectomorphic which is an equivalence relation if the vector spaces are even-
dimensional.
A symplectic form on a manifoldM is a closed two-form which is nondegen-
erate at every point ofM. In analogy with symplectic vector space, a symplectic
manifold is the pair (M,Ω). For a given (z1, z2, . . . , zn) ∈ M = Cn ≃ R2n the
form
Ω =
i
2
n∑
i=1
dzi ∧ dzi (12)
is a symplectic form on Cn. If (M,Ω) is a symplectic manifold of dimension
2n, then a Darboux chart forM is a chart (C, x1, x2, . . . , xn, y1, y2, . . . , yn) such
that Ω|C =
∑n
i=1 dxi ∧ dyi. Now, if X is a vector field on M, then the map
ıX : Ω
p(M) −→ Ωp−1(M) (13)
defined by ıXΩ(X1, X2, . . . , Xp−1) = Ω(X,X1, X2, . . . , Xp−1), for any vector
fields X1, X2, . . . , Xp−1 is called interior product or contraction of differential
form with a vector field. A vector field X on M is symplectic if the contrac-
tion ıXΩ is closed and is hamiltoninan if the contraction is exact. Moreover,
a hamiltonian function for a hamiltonian vector field X on M is a smooth
function H : M −→ R such that ıXΩ = dH and a hamiltonian system is a
triple (M,Ω, H), where (M,Ω) is a symplectic manifold and H ∈ C∞(M) is a
hamiltonian function.
A bijective map f : M −→ N of two manifolds M and N is called a
diffeomorphism if f and its inverse f−1 are differentiable. f is called Cr-
diffeomorphism if f and f−1 are r times continuously differentiable. In case
the manifold M is second-countable and Hausdorff, then a diffeomorphisms
group Diff(M) of M is the group of all Cr diffeomorphisms of M to itself. An
action of a Lie group G on M is a group homomorphism
ψ : G −→ Diff(M) (14)
defined by g 7−→ ψg. We also call
evψ :M×G −→M (15)
the evaluation map associated with ψ which is defined by (p, g) 7−→ ψg(p). Next
let Sympl(M,Ω) denotes the group of symplectomorphisms of (M,Ω). Then,
we call ψ a symplectic action if it is symplectomorphisms,
ψ : G −→ Sympl(M,Ω) ⊂ Diff(M). (16)
Now, we suppose that g is Lie algebra of G and g∗ is its dual vector space.
Then, ψ is a hamiltonian action if there exists a map
µ :M−→ g∗ (17)
that satisfy the following conditions: a) let µX : M −→ R for each X ∈ g
defined by µX(p) = 〈µ(p), X〉 be the component of µ along X . Moreover, let X♯
be the vector field onM generated by {exp tX : t ∈ R} ⊆ G. Then dµX = ıX♯Ω,
that is, the function µX is a hamiltonian function for the vector field X♯; b) µ
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is equivariant with respect to ψ and the coadjoint action Ad∗ of G on g∗, that
is µ ◦ ψg = Ad
∗ ◦ µ, for all g ∈ G. The map µ is called a moment map and the
vector (M,Ω, G, µ) is called a hamiltonian G-space. For example, let G = Tn
be an n-dimensional torus with g ≃ Rn and g∗ ≃ Rn. Then, a moment map
µ :M−→ Rn (18)
for an action of G on (M,Ω) satisfies the following statement. The function
µXi , where Xi is a basis of R
n, is a hamiltonian function for X♯i and is invariant
under the action of torus. Now, suppose that
ψ : Tn −→ Sympl(M,Ω) (19)
is a hamiltonian action with moment map µ :M−→ Rn, then the image of µ is
called the moment polytope which is convex and is also the convex hull of the
images of the fixed points of ψ. An action of G on M is called effective if it is
injective as the following map G −→ Diff(M). A compact connected symplectic
manifold with an effective hamiltonian action of a torus T of dimension equal
to half the dimension of the manifold, dimT = 12 dimM, and with a choice of
a corresponding µ is called a symplectic toric manifold.
Next, we will discuss the classification of toric manifold based on Delzant’s
theorem and symplectic reduction. But first we define the Delzant polytope
∆ ⊂ Rn to be a polytope that satisfies the following properties: a) each edge
is of the form v + tui for t ≥ 0 and ui ∈ Zn, that is the edges meeting at
v are rational; b) For each vertex, ui ∈ Zn can be chosen to be a Z basis of
Zn; c) there are n edges meeting at v. Now, based on Delzant’s theorem, toric
manifolds are classified by Delzant polytope. We have the following bijection
{toric manifolds} −→ {Delzant polytopes} (20)
which is defined by {M2n,Ω,Tn, µ} 7−→ µ(M). Thus based on Delzant polytope
∆ we can construct a symplectic manifold (M∆,Ω∆), where Ω∆ is a reduced
symplectic form. One also can show that (M∆,Ω∆) is a hamiltonian Tn-space
with a moment map µ∆ which has the following image µ∆(M∆) = ∆ [12]. Thus
(M∆,Ω∆,Tn, µ∆) is a toric manifold based on the Delzant polytope ∆.
Now, let ∆ be an n-dimensional polytope which is Delzant but also it is a
lattice polytope. Then the set of integral points in ∆ can be defined by
P = Zn ∩∆ = {κ(1), κ(2), . . . , κ(k)}, (21)
where k = #P is the number of such points. Based on this construction, the
convex hull of P is the Delzant polytope. The associated variety XP is a toric
variety for the complex torus (Cn∗) and can be embedded in Pk−1,
i : XP −→ P
k−1. (22)
The toric variety construction and Delzant’s construction gives equivalent sym-
plectic toric manifolds [13]. Next, we will discuss the equivariant embedding of
these constructions into the projective spaces.
We also would like to show how we can construct fans from polytopes. For
a linear function f : Rn −→ R let P ⊂ Rn be a polytope and suppP f be the
supporting face of f in P . Moreover, let F be the face of P . Then, the cone
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associated to F is the closure of subset CF,P ⊂ Rn∗ which is consisted of all
linear functions such that suppP f = F . Now, the collection of FP of CF,P is
called the fan of polytope P . A compact toric variety XP is called projective if
there exists an injective morphism
Φ : XP −→ P
r
of XP into some projective space such that Φ(XP ) is Zariski closed in Pr. Now,
let the morphism Φ be embedding which is induced by the rational map ϕ :
XP −→ Pr defined by p 7→ [zm0 , zm1 , . . . , zmr ], where zml(p) = pml in case p =
(p1, p2, . . . , pn). Then, the rational map Φ(XP ) is the set of common solutions
of finitely many monomial equations
zβ0i0 z
β1
i1
· · · zβsis = z
βs+1
is+1
z
βs+2
is+2
· · · zβrir (23)
which satisfy the following relationships
β0m0 + β1m1 + · · ·+ βsms = βs+1ms+1 + βs+2ms+2 + · · ·+ βrmr (24)
and
β0 + β1 + · · ·+ βs = βs+1 + βs+2 + · · ·+ βr, (25)
for all βl ∈ Z≥0 and l = 0, 1, . . . , r [17]. This construction of projective toric
variety is very important in the next section.
4 Space of a single quantum state
In this section we will investigate the space of a single quantum state based on a
toric manifold. We will also in detail discuss a single qubit state. Let the state
of a single quantum be given by
|Ψ〉 =
n−1∑
x1=0
αx1 |x1〉, (26)
with corresponding Hilbert space HQ = HQ1 = C
n. Let also (Pn−1,ΩFS) be
a n− 1-dimensional complex projective space with corresponding Fubini-Study
form. Then, the action of Tn−1 on Pn−1 is given by
(eiθ1 , eiθ2 , . . . , eiθn−1) · [α0 : α1 : · · · : αn−1] = [α0 : e
iθ1α1 : · · · : e
iθn−1αn−1]
(27)
and has moment map
µ[α0 : α1 : · · · : αn−1] = −
1
2
(
|α1|2
|α0|2 + · · ·+ |αn−1|2
, . . . ,
|αn−1|2
|α0|2 + · · ·+ |αn−1|2
)
.
(28)
Moreover, the fixed points have the following maps
[1 : 0 : · · · : 0] 7−→ (0, 0, . . . , 0)
[0 : 1 : · · · : 0] 7−→ (− 12 , 0, . . . , 0)
...
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[0 : 0 : · · · : 1] 7−→ (0, 0, . . . ,− 12 )
Let Ω = i2
∑
k dαk∧dαk =
∑
k rkdrk∧dθk be a symplectic form on C
n. Then we
consider the following action of S1 on the pair (M, ω) = (Cn,Ω): t ∈ S1 7−→ ψt,
where ψt defined to be multiplication by t. Thus the action ψ is hamiltonian
with moment map µ : Cn −→ R that is defined by α 7−→ − ‖α‖
2
2 +
1
2 . In this
case µ−1(0) = S2n−1 and the orbit space of zero level of µ is
M/G = µ−1(0)/S1 = S2n−1/S1 = Pn−1. (29)
This symplectic reduction gives the projective space Pn−1 with Fubini-Study
symplectic Ωred = ΩFS.
Next, we will in detail illustrate above construction of symplectic manifold
and symplectic toric manifold by considering first the 2-sphere M = S2 which
is related to the one dimensional complex projective space S3/S1 = P1 ≃ C2,
by hopf fibration S3 −→ S2 and also is the space of a single-qubit state
|Ψ〉 =
1∑
x1=0
αx1 |x1〉 = α0|0〉+ α1|1〉 ∈ HQ1 = C
2. (30)
Let p be a point on M = S2. Then the tangent vectors to S2 at p could
be identified with vectors orthogonal to p. Now, let (r, s) ∈ TpS2 = {p}⊥.
Then a standard symplectic form on S2 is given by Ωp(r, s) = 〈p, r × s〉 which
is nondegenerate since Ωp(r, s) 6= 0 when u 6= 0. Moreover, on (M,ΩS) =
(S2, dθ ∧ dh) the vector field X = ∂
∂θ
is hamiltonian function given by dh =
ıX(dθ ∧ dh). As symplectic manifold S
1 acts on (M,ΩS) = (S
2, dθ ∧ dh) by
exp(it)·(θ, h) = (θ+t, h) with moment map µ = h and moment polytope [−1, 1].
This construction is also gives moment map for the one dimensional complex
projective space P1 with the Fubini-Study form ΩFS =
1
4ΩS . The action of S
1
on P1 is given by exp(iθ) · [α0 : α1] = [α0 : eiθα1]. The hamiltonian for P1 has
moment map
µ[α0 : α1] = −
1
2
|α1|2
|α0|2 + |α1|2
(31)
and moment polytope [− 12 , 0]. This construction of moment map for P
1 can be
generalized into multipartite systems.
5 Bipartite and multipartite quantum states
After discussing the single quantum states, now we will investigate the structures
of multi-qubit quantum systems based on toric manifolds. First we consider the
space of two-qubit states
|Ψ〉 =
1∑
x2,x1=0
αx2x1 |x2x1〉 = α00|00〉+ α01|01〉+ α10|10〉+ α11|11〉 ∈ HQ. (32)
Now, the action of T2 on P1 × P1 is given by
(exp(iθ1), exp(iθ2)) · ([α
1
0 : α
1
1], [α
2
0 : α
2
1]) = ([α
1
0 : e
iθ1α11], [α
2
0 : e
iθ2α21]). (33)
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The hamiltonian for P1 × P1 has moment map
µ([α10 : α
1
1], [α
2
0 : α
2
1]) = −
1
2
(
|α11|
2
|α10|
2 + |α11|
2
,
|α21|
2
|α20|
2 + |α21|
2
) (34)
and moment polytope [− 12 , 0] × [−
1
2 , 0]. Note that we could also have the fol-
lowing polytope [−1, 1]× [−1, 1].
Next we discuss the multi-qubit states |Ψ〉 =
∑1
xm,xm−1,...,x1=0
αxmxm−1···x1
|xmxm−1 · · ·x1〉, by considering the action of Tm on
m︷ ︸︸ ︷
P
1 × P1 × · · · × P1 define
by
(exp(iθ1), exp(iθ2), . . . , exp(iθm)) · ([α
1
0 : α
1
1], [α
2
0 : α
2
1], . . . , [α
m
0 : α
m
1 ])
= ([α10 : e
iθ1α11], [α
2
0 : e
iθ2α21], . . . , [α
m
0 : e
iθmαm1 ])
for which the hamiltonian has the moment map
µ([α10 : α
1
1], [α
2
0 : α
2
1], . . . , [α
m
0 : α
m
1 ])
= −
1
2
(
|α11|
2
|α10|
2 + |α11|
2
,
|α21|
2
|α20|
2 + |α21|
2
, . . . ,
|αm1 |
2
|αm0 |
2 + |αm1 |
2
).
Recently, we have investigated the geometrical structure multipartite quantum
systems based on algebraic toric varieties. Now, based on our discussion about
Delzant polytope and also relation between poltype and fan we are able to
discuss the entanglement properties of multipartite states by embedding the
toric manifold XA in to a projective space.
Let M = Zm and consider the m cube P centered at the origin with vertices
(±1, . . . ,±1). This gives the toric variety XP = P1 × P1 × · · · × P1. Now,
consider the following map Φ : XP −→ P2
m−1
. For this map, Φ(XP ) is a set of
the common solutions of the following monomial equations
zβ0i0 z
β1
i1
· · · z
β
2m−1−1
i
2m−1−1
= z
β
2m−1
i
2m−1
· · · z
β2m−1
i2m−1
(35)
that gives quadratic polynomials αxmxm−1...x1αymym−1...y1 = αxmxm−1...yj ...x1
αymym−1...xj ...y1 for all j = 1, 2, . . . ,m which coincides with the Segre variety,
where αxmxm−1...x1 are homogenous coordinates on the projective space P
2m−1 .
Moreover, we have
Φ(XP ) = SpecmC[α00...0, α00...1, . . . , α11...1]/I(A), (36)
where
I(A) = 〈αxmxm−1...x1αymym−1...y1 − αxmxm−1...yj ...x1αymym−1...xj ...x1〉∀j;xj ,yj=0,1
(37)
and Specm denotes the maximal spectrum of a polynomial ring. This toric
variety describes the space of separable states in a multi-qubit quantum systems.
We can also define a measure of entanglement for multi-qubit state based on a
modification of this variety [4].
As an illustrative example we will in detail discuss a three-qubit state |Ψ〉 =∑1
x3,x2,x1=0
αx3x2x1 |x3x2x1〉. For this state the separable state is given by the
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Segre embedding of P1 × P1 × P1. Moreover, let M = Z3 and consider the
polytope P centered at the origin with vertices (±1,±1,±1) which is a cube.
This gives the toric variety XP = P
1×P1×P1. Now, we have the following map
Φ : XP −→ P7. In this special case, Φ(XP ) is the set of common solutions of
finitely many monomial equations
zβ0i0 z
β1
i1
zβ2i2 z
β3
i3
= zβ4i4 z
β5
i5
zβ6i6 z
β7
i7
=⇒ αx3x2x1αy3y2y1 = αx3yjx1αy3xjy1 , (38)
where e.g., β0 = β1 = β4 = β5 = 1, β2 = β3 = β6 = β7 = 0, and j = 1, 2, 3.
Then, the projective toric variety is gives by
Φ(XP ) = SpecmC[α000, α001, . . . , α111]/I(A), (39)
where I(A) = 〈αx3x2x1αy3y2y1 − αx3yjx1αy3xjy1〉∀j=1,2,3;xj ,yj=1,2. One can also
find the following relation between this construction and 3-tangle τ and hyper-
determinat D3 which is given by
τ/4 = D3 = d1 − 2d2 + 4d4 (40)
where d1 = α
2
000α
2
111+α
2
001α
2
110+α
2
010α
2
101+α
2
100α
2
011, d2 = α000α001α110α111+
α000α010α101α111+α000α100α011α111+α001α010α101α110+α001α100α011α110+
α010α100α100α101, and d4 = α000α110α101α011 + α111α100α010α001 which is a
good measure of entanglement for three-qubit systems [18]. In this expression
d1 are diagonal lines in the three cube (which we have shown to be the toric
variety XP ), d2 are the diagonal planes, and d4 are tetrahedrons.
Now, we will review the construction of concurrence, m-tangle, polynomial,
and geometrical invariants. We also discuss how these measures of entanglement
are related to symplectic toric variety. First, we introduce a complex conjugation
operator Cm that acts on the multipartite quantum state |Ψ〉 as
|Ψ∗〉 = Cm|Ψ〉 =
1∑
xm,xm−1,...,x1=0
α∗xmxm−1···x1 |xmxm−1 · · ·x1〉. (41)
Then, the concurrence of two-qubit states is defined as
C(Ψ) = |〈Ψ|Ψ˜〉|2, (42)
where the tilde represents the ”spin-flip” operation |Ψ˜〉 = σy ⊗ σy|Ψ∗〉 , |Ψ∗〉
is defined by equation (41), and σy =
(
0 −i
i 0
)
is a Pauli spin-flip operator
[19, 20]. This construction can be generalized to a multi-qubit system by defining
|Ψ˜〉 = σ⊗my |Ψ
∗〉, (43)
where σ⊗my denotes m-folds tensor product of σy . Next, we define m-tangle as
τm = |〈Ψ|Ψ˜〉|
2 (44)
for every even m-qubit system [21]. Now, we in detail discuss a four-qubit state
which is given by
|Ψ〉 =
1∑
x4=0
1∑
x3=0
1∑
x2=0
1∑
x1=0
αx4x3x2x1 |x4x3x2x1〉 ∈ HQ, (45)
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where HQ = HQ1 ⊗HQ2 ⊗HQ3 ⊗HQ4 = C
2 ⊗ C2 ⊗ C2 ⊗ C2 and x = x423 +
x32
2 + x22
1 + x12
0. The first polynomial invariant H of degree 2 is defined by
H = α0α15 − α1α14 − α2α13 + α3α12 − α4α11 + α5α10 + α6α9 − α7α8
and is one of hyperdeterminants introduced by Cayley [23]. Next, we will review
the construction of geometrical four-qubit invariants presented in [24]. Using
the notation which we have already introduced, we define the following four
column vectors,
A ≡


α0
α1
α2
α3

 B ≡


α4
α5
α6
α7

 C ≡


α8
α9
α10
α11

 D ≡


α12
α13
α14
α15

 , (46)
where A,B, C,D ∈ C4. Moreover, let g : C4 ×C4 −→ C be a bilinear form such
that
(A,B) 7→ g(A,B) ≡ A · B = gαβA
αBβ = AαB
α, (47)
where α, β = 0, 1, 2, 3, g = J ⊗ J and J =
(
0 1
−1 0
)
which satisfy J 2 = −I
andMJMT = J forM ∈ SL(2,C). Then, the first stochastic local operations
and classical communication (SLOCC) invariant for four-qubit states are then
given by
I1 =
1
2
(A · D − B · C). (48)
In this case the four-tangle can also be expressed in terms of polynomial and
geometrical invariants as follows
τ4 = 2|ακ4κ3κ2κ1αλ4λ3λ2λ1αµ4µ3µ2µ1αν4ν3ν2ν1
εκ4λ4εκ3λ3εκ2λ2εµ4ν4εµ3ν3εµ2ν2εκ1µ1ελ1ν1 |
= 4|I1|
2 = |H |2
where I1 =
1
2H and κj , λj , µj , νj ∈ {0, 1}. Thus the terms in four-tangle are the
diagonal lines in the symplectic toric variety XP of four qubit systems, where
the polytope P centered at the origin with vertices (±1,±1,±1,±1) is a four
cube. This construction can also be generalized into m-qubit systems whenever
m is an even number.
In summary we have studied the symplectic structures of quantum sys-
tems based on symplectic toric manifolds and their moment maps. Using the
Delzant’s construction we were also able to establish relations between sym-
plectic toric manifolds, algebraic toric varieties and entanglement properties of
bipartite and multipartite quantum systems. The construction of moment maps
and toric varieties give useful combinatorial information about complex projec-
tive spaces of multipartite quantum systems that enable us to investigate the
entanglement properties of multipartite quantum systems. These advantages of
the moment map and toric variety make them good candidates for further con-
sideration that possibly could lead to new applications of these mathematical
structures in the field of quantum information processing.
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